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ON THE REAL ELEMENTS OF CERTAIN CLASSES OF 
GEOMETRICAL CONFIGURATIONS' 

Br L. E. Dickson 

1. The internal structure of many geometrical configurations can be 
studied best by discussing the related algebraic equations- The nine injUexions 
of a non-singular plane cubic, the so-called Hessian configuration, give rise to 
an equation of the ninth degree for their abscissas (or ordinates). So the 27 
straight lines on a cubic surface and the 28 bitangents to a plane (}uartic curve 
can be found by solving equations of degrees 27 and 28, respectively, for cer- 
tain parameters. To these and to many other such problems, the theory of 
groups has been applied by M. Camille Jordan,f for the purpose of showing 
the precise algebraic character of the solution required in each case, i. e., to 
show the simplest chain of resolvent equations for each problem. 

For the class of problems amenable to statement in terms of abelian func- 
tions,.a class including five of Jordan's special problems, a general theory was 
constructed by M. Edmond Maillet in his recent elaborate memoir.J The 
elements of the configuration may be designated by a letter whose sub- 
scripts are integers taken modulo r. Maillet's discussion is unnecessarily 
long and complicated, and restricts? the modulus r to be a power of a prime. 
In §3 of the present paper, I give a very simple and direct proof of the gen- 
eral theorem with no restriction whatever upon r. 

In his application of the theory of groups to geometrical problems, Jordan 
was concerned only with the difficulties inherent in the actual determination 
of the elements of the configuration ; he therefore analyzed the equivalent al- 
gebraic equation into its resolvents. Maillet makes a noteworthy advance — 
and this is the most important part of his memoir — by applying group theory 
to the question of the number of real elements in the configuration. Here also 

♦Read before the American Mathematical Society (Chicago), April 22, 1905. 

t Traite des SubstiliUions, pp. 301-369. Cf. Dickson, Linear Groups, p. 303, Trans. Amer. 
Math. Soc, vol. 3 (1902), p. 38, and p. 377. 

t Sur les Equations dela gfemfitrie et la thfiorie des substitutions entren lettres, Annalea de 
Toulouse, (2), vol. 6 (1904), pp. 277-349. 

§ Except in a single special case r = 6, r, = 3, 5 = 2, treated on pp. 324-327. 

(141) 
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I show how Maillet'd long computations can be greatly abridged and his re- 
striction on the modulus r removed (§5). Maillet treats as an isolated problem 
the question of the reality of the 27 straight lines on a cubic surface, and then 
deduces an incomplete result on the reality of the 28 bitangents to a quartic 
curve. Attacking these problems in the reverse order (§§7, 8), I obtain 
results in complete accord with well-known geometrical investigations. Finally, 
I solve by the same simple method (§§6, 9-12) a general class of problems 
of which this of the 28 bitangents is the lowest special case, the results 
agreeing with those obtained by Klein by advanced theory of functions. 

2. As an illustration of the very general theorem of §3, consider 
Hesse's configuration of the 9 points of inflexion of a non-singular plane cubic. 
They lie in sets of 3 on 12 straight lines, each point lying on exactly 4 of the 
lines. We denote the 9 points by the symbols (xy) , in which the indices 
X, y are integers taken modulo 3. We represent by {x'y') (x"y'') (x"'y"') the 
inflexional line passing through the points (x'y') , (x"y") , and (x"'y"') . The 12 
inflexional lines correspond to the 12 terms of the function 

,f> = (00) (01) (02) + (00) (10) (20) + (00) (11) (22) + (00) (12) (21) 

+ (01) (11) (21) + (01) (20) (12) + (01) (10) (22) + (10) (11) (12) 

+ (02) (12) (22) + (02) (10) (21) + (02) (20) (11) + (20) (21) (22), 

in which occur all teims (x'y'){x"y")(x"'y"') such that 

x' + x" + x"' = 0, y' + y" + y"> = (mod 3). 

A substitution on the 9 symbols (xy) leaves ^ unaltered if and only if it 
permutes the indices linearly :* 

x* — ax + by + c, y* = Ax -^ By + (mod 3) . 

Instead of 4>, Maillet would employ ^ + ^, where 

^P- = (00)3 + (01)3+ (02)3 + (10)3 + (11)3+ (12)3 ^ (20)3 + (21)3 + (22)J 

involves the 9 inflexional tangents. Our congruence conditions are, in fact, 
satisfied when x' = x" = x'", y' = y" = y'" (mod 3). 

While here the addition of the function y}r is trivial since ■^ is symmetric, 
in general the use of all terms whose factors are distinct or not will prove an 
essential and eff"ective modification of Jordan's use of distinct factors only. 



♦Jordan, Traite des svhstitxdions, pp. 302-303. 
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3. Theorem. Let r, r^, q beany given integers, ri> 2. With r^ symbols 
(x^,) = (xj, X2, • • • , a;,) , the indices x^ being integers taken modulo r, form the 
sum 2 of all the distinct products (a;^) (x'l)- • •(»,'■*) suck that 

(1) a;^ + <+••• + V'^sO (modr) (/> = 1, • • •, <?), 

repetition of symbols in a product being allowed. The group of all substitutions 
on the r* symbols which leave 2 unaltered may be expressed as a linear congru- 
ence group r on the indices x. T contains all the linear homogeneous substi- 
tutions 

q 

(2) cc* = 2 ^^cc, {mod r) (i = 1, • • -, q), 

J— I 

the ^'s being any integers such that l^^y] =^ (mod r). Also, T contains 

(3) x'i = Xi + a, (mod r) (i=l, ■ • • , q), 

where each a^ is a multiple of r/S, S denoting the greatest common divisor of r 
and rj. Finally, T is generated by the substitutions (2) and (3), 

To show that substitutions (2) and (3) leave 2 unaltered, it suffices to 
prove that, when (1) hold, also 

(1*) < + <'+•••+ x'^'^' = (mod r) (/> = 1, • • ., q). 

Denote the left members of (1) and (1*) by X,, and X^. Under (3), 
X^ = X^ + riu^, = (mod r) , since r^a^, is a multiple of r^r/B and hence of 
r. Under (2), 



n (*) 

x;=2x;< ^ 
t=i fc=i 



S 2 |,,.xf = 2 |^( 2 a;f )= 2 I,, Xj ^ 0. 

1=1 ^=1 ;a=l \t=l / j=zl 



"We proceed to the more difficult part of the theorem and prove that every 
substitution S o{ F can be derived from the types (2) and (3). 

Evidently the terms in 2 which are products of r*i equal symbols are per- 
muted amongst themselves by /S ; for them 

(4) r,x', = (modr), "jx', = o(mod|) , (p = l,...,q). 

Hence /^ replaces the symbol (0, 0, • • •, 0), which satisfies (4), by a symbol 
(x[, . • . , a;^ ) for which each a;^ = (mod r/B). But there exists a substitution 
L of the form (3) having this property. Hence /So = /SL-'^ leaves fixed 
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(0, 0, . • ., 0) = (0). Now So must pennute the terms of 1 in which rx — 3 
or more factors are (0) , and consequently permutes the products 

(5) (;«;)«)«'), K + < + x'J' = (mod r) (/> = 1. • • •. g). 

Denote by (fy, fj<, • • •, ^^) the symbol by which /% replaces the symbol 
«,= (0, 0, • • •, Xi = 1, 0, • • ',0). Among the products (5) occurs UiVi (0), 
where w, = ( — 1, 0, • • ',0). Hence /S^ replaces Vj by (—fa, • • •, — fji)- 
Again, ViVjVa is a product (5) if Vj, = (2, 0, • • •, 0). Hence /Si re- 
places Vj by (2^11, • • ■, 2f,i), and hence replaces Wj = (— 2, 0, • • • , 0) by 
(— 2fu, • • •, — 2f,i). Using Vj w, Vj, where v, = (3, 0, • • •, 0), we find 
that So replaces v^ by (Sfa, • • •, 3f,i). Proceeding by induction, we find 
that 6o replaces (xj, 0, • • •, 0) by (a;ifu» • • •» aafgi)- Similarly, S re- 
places (0, . . ., 0, Xi, 0, . • •, 0) by (aCi^K, • • •» «.?«<)• Among the 
products (5) occurs 

(- xi, 0, 0, . . ., 0) (0, - a^, 0, . . ., 0) («j, «,, 0, . . ., 0). 

Hence, in view of the previous results. So replaces (xj, x^, 0, • • • , 0), by 
(<ri, . . •, <7-,), where o",= a5| f^ + «2 f^j (i = 1, • • •, y). Among the products 
(5) occurs 

(- Xi, - ajjj, 0, 0, • . ., 0) (0, 0, - «8, 0, . . ., 0) (aci, Xg, iBj, 0, • • ., 0). 

Hence So replaces (ajj, scj, Xj, 0, • • •, 0) by (Xj, • • • ,\), where Xj = 
a^i fa+ •'"^i fii + «8 ?i3. By induction, we find that So replaces (xi, • • ., «,) 
by (a;i, • • •, «j), where xj is given by (2). 

4. Theorem.* If an algebraic equation with distinct roots and with 
coefficients in a real realm of rationality R has exactly 2v imaginary roots 
*i» ' ' '1 ^y (*2j-i ''"'^ ^2i being conjugates), its Galois group for It contains 
the substitution 

S= (XiXi) . . . (a5j,_i 352,.) • • • («i.-i «!.). 

It sufBcesf to show that S leaves numerically unaltered every rational 

* Maillet's less precise formulation has the restriction that the equation is irreducible. As a 
generalization, consider an equation f(x) = with coeflScients in a'realm R, not completely sol- 
vable in a certain realm jR' containing R, but completely solvable in R'(j>i), where />, is a root of a 
uniserial abelian equation of prime degree p (viz., irreducible inii'with roots p„ 0(p), ©'(/>,) ,...); 
then the Galois group of /(i) for R contains the substitution (x,x, ... Xp)(xp+i . . . xtp) . . . 
{xyp — p + 1 ... Xyp), it x„ .. ., Xyp are the roots in iZ'(p,) but not in iJ'. 

tSee, for example, Dickson's Algebraic Equations, bottom of p. 54, for G" = |l, SJ. 
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function f (aJi, • • •» «n) of the roots such that <p has its coefficients in R and 
equals a quantity in R. The numer ical value of <p being real, <p remains nu- 
merically unaltered when i = v — 1 is changed into — i in each imaginary 
root ; but the resulting change in <p is equivalent to the application of the 
substitution 8- 

Corollary. Either the roots are all real or their number is the number 
of letters unaltered by one of the substitutions of period 2 of the Galois group. 

5. Theorem. The number of symbols (x^, • • •, x^) unaltered by a q- 
ary linear homogeneous substitution modulo r is a divisor of r*. For a non- 
homogeneous substitution, the number is or a divisor of r«. 

The conditions that x'i = x^ in (2) are q homogeneous linear congruences 

(2') Xi=i fi,. x,. (mod r) (t = 1, • • • , y) . 

The number of incongruent sets of solutions Xi, • • •, x^ is known* to be a 
divisor d of ?■«. Next, if there be one set of solutions xj, • • ., x^ of the 
non-homogeneous congruences 

Q 

Xj = 2 f^x; + fi (modr) (i=l, . . . , q), 

j=i 

then the d existing sets of solutions are Xj + xj, • • •, Xg-{- xj, where the sets 
^i» • • •» *9 give all the previous sets of solutions of (2'). 

In view of §§3-4, this theorem gives a set of numbers among which 
must occur the number of real elements of a geometrical configuration of the 
extensive class expressible in terms of abelian functions. For some of these 
configurations, more precise limits for the number of real elements may be 
given (§§6-12). 

6. Some of the most interesting questions in geometry relate to the 
problems of contact of curves. Certain problems of the kind discussed by 
Steinert and Hessef were treated from a more general standpoint by Clebschf 
in his paper on the application of abelian functions to geometry. Let 0„ be a 
plane curve of order n having no double points and aetp = i (n — l)(n — 2). 

* Bachmann, Die ArUhmetik der Quadratischen Formen, I, p. 353. 
t Journal fttr Maihematik, vol. 49 (1855). 
t Ibid, vol. 63 (1864), pp. 189-243. 
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Clebsch proved that there are Up = 2*p — ^ — 2p - ^ curves of order n — 3 having 
simple contact with C„ at J n(n — 3) points. The determination of these 
cui-ves depends upon an algebraic equation E of degree H^ whose roots may be 
symbolized {x^i • • • ^^p) where ajj, • • ., y^ form a set of solutions of 

(6) Xiyi + ajjjyj + • • • + x^^ = 1 (mod 2) . 

Clebsch showed that, if fi is any integer ^ M^ for which J /*(» — 3) is an 
integer, the points of contact of G„ with the ft curves corresponding to the 
roots 

(7) («lyi ••■^'py'p),-'; (a^fVi"' • • • ^i'-^yi" ) 

lie on a curve of order J /*(n — 3) if the following congruences hold simulta- 
neously : 

(8) x;+<+... + a;W = 0, y; + y;'+ • • • + yW= (mod 2) (i = l-..,i)). 

Hence the substitutions of the Gralois group G of equation JS leave invariant 
the sum <j)^ of the products of /t roots (7) satisfying (8). If n be even, /t can 
have only even values. A substitution leaves invariant <f)i, ^g, <^8> • • •» if and 
only if it has the form* 



(9) XI = 1 (a^jXj + y0j) + /j,-, yj = 2 (fi^Xj + Bg^j) + a^ (i = 1, 

p p 

(9') Pi = 2 a^y^), o-, = 2 ^^jS^^, 

the coefficients o, 7, )8, S being subject to the abelian conditionsf 



•.i'). 



(10) 



p 

2 






= 0, 



p 

2 



= 0, 



p 

2 






(J^k), 

1 c/ = *). 



holding for/, /fc = 1, • • •, j). The group uljp of the substitutions (9) subject 
to (10) is thus simply isomorphic to the abelian linear homogeneous group on 
2jj indices modulo 2 and leaves invariant Xji/i + • • • + ajp^p modulo 2. Taking 
M = 3 in (8) we see at once that (9) will leave <t>3, <^5, • • •, invariant if and 
only if />, = o-j= (mod 2) for t = 1, • • -tp. HenceJ the substitutions 
leaving every <^^ invariant form the first hypoabelian group Hip, modulo 2 



* Dickson, Trans. Amer. Math. Soc.,vol. 3 (1902), pp. 377-382. 
tin the present special case, conditions (10) are congruences modulo 2. 
JThis immediate proof may be contrasted with the very complicated proof by Jordan, 
Traite, pp. 242-249, and with tjie writer's simplification, Transacliom, vol. 3 (1902), pp. 38-45. 
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(usually defined as the largest linear homogeneous group leaving 
Xji/i + . • • + Xpi/p invariant modulo 2) . 

7. For n = 4, we have p = 3, R^ — 28, so that the problem is that 
of the 28 bitangents to a quartic curve without double points. In the 
abelian group on 6 indices modulo 2, every operator of period 2 is conju- 
gate* with Miy M1M2, MiM^Mj or iJjji, where 

(11) Mi-. x'i = 1/i, y'i-- Xi ; B^^ : y{ = y* - 7mj, yj = %• - Xaj^. 

This result will bo established directly in §11. These substitutions (11) 
correspond to themselves in the group A^ since for them /»< = <r< = 0. Of 
the 28 symbols (^lyj x^^ x^^) for which a^i + x.^^ + x^^ = 1 (mod 2), J/i 
leaves fixed the 16 symbols with Xi=yi, B121 leaves fixed the 4 symbols with 
Xi = X2 = 0, X3 = j/s = 1. Similarly, M1M2 leaves fixed 8 symbols ; MiM^M^, 
4 symbols. Applying the corollary of §4, we have the 

Theohbm. Of the 28 bitangents to a real quartic curve without double 
points, exactly 4, 8, 16, or 28 are realA 

8. A mutual connection { exists between the 28 bitangents to a quartic 
curve and the 27 straight lines on a general cubic surface 8. From any point 
P oi 8 can be drawn a quartic cone C touching 8. The bitangent planes 
of C are the 27 planes joining P with the 27 lines on 8, and the tangent 
plane to 8 at P. An arbitrary plane cuts O and its bitangent planes in a 
quartic curve and its 28 bitangents. We can proceed inversely by projection. 

If to the domain of rationality we adjoin one root of the equation for the 
28 bitangents, the Galois group reduces to a group simply isomorphic with 
the Galois group of the 27 straight lines on the cubic surface. § Hence we 
have the 

Theorem. Of the 27 straight lines on a general real cubic surface, ex- 
actly 3, 7, 15, or 27 are real.\\ 

* Dickson, American Journal of Maihematics, vol. 26 (1904), p. 318. 

tZeuthen, Mathematische Annalen, vol. 7 (1873), p. 411; Salmon's Higher Plane Curves, 
p. 220; Weber's Algebra, n. That no other than these four cases can occur requires an eight 
page discussion by Weber; that the four cases all actually occur is proved more easily. Maillet's 
group discussion (Z. c. p. ,323) is incomplete as it fails to exclude the case of no real bitangents. 

t Geiser, Mathematische Annalen, vol. 1 (1869), pp. 129-138. 

§ Jordan, Traiti des substitutions, p. 330. 

II That these four, but no other, cases arise was shown by Schlafli, Quarterly Journal of 
Mathematics, vol. 2 (1858), pp. 110-120; particularly p. 117. The complete theorem is not given 
by d 'Ocsgne and L6vy, to whom Maillet refers exclusively. 
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9. For application to the contact problems in §6 and to various questions 
in abelian functions, we determine representatives of each set of conjugate 
operators of period 2 in the special abelian group SA{2v, y") of all linear 
transformations 

S: x\ = 2 (ay «; + 7y yj),y'i = 2 (fi^ Xj + S^ yj) (t = 1, . . • ,p), 
1=1 J=i 

with coefficients in the Galois field of order 5" which satisfy relations (10). 
If S is of period 2, all the roots of its characteristic equation are ± 1 and there 
is a linear function/ which S multiplies by ci = ± 1. There exists an abelian 
substitution which replaces Xi \>yf, and hence transforms 8 into S', which re- 
places aji by ci Xi. Then by (10), 

^11 = «i. 7ii = Sa = {i=2, • . • ,p), 

while a^j, 7jy, j8<y, S^y (iy J = 2, ■ • -tp) define an abelian transformation 2 on 
Xi, i/i, • • •, Xj,, y^. Since 8'^ = /, the identity, we have 2'^ = /. 
"We employ below the simple abelian substitutions (11) and 

7<,A : A = ^Xi, y'i = X- Vi ; M, x--yi = yi + '^i ; 
Qij,x •• A = «.• + >•«,. y'i = y, - '^Vi 

10. Theorem.* Ifq > 2, everi/ operator of period 2 0/ 8A('2p, g-") is 
conjugate with T^,-i, ?i,-i 3"j -i, • • •, or Ti-i 7s,-i • • • Tp,-i- 

We assume that the theorem is true for p — I pairs of variables and 
prove it true for p pairs. Hence we may set 2 = 7'2,., • • • ^p,.,> each e* = 1. 
Then 8', being of period 2, becomes 8" : 

«! = «i«i. yi = «iyi + 2(/3,,- ajy + S,,.y;), 

a;.- = ^i^i + 8kXi, yi- = €.- y,- - /3,i Xi (i = 2, • • •, ^) , 

in which by (10) , (61 + €,.)8i.. = 0, (e, + e.) A, = 0. If S,^ = 0, A, = 0, 
(XjXj) (yij/a) transforms oS"' into 7'i .^ T, where T is abelian on x„ y^ (* > 1 ) , 
so that the theorem follows. If By^, ^^^ ^^^ not both zero, so that e^ — — cj, 
we may set 8,2 ^ (transforming by M^ in the contrary case), and make 
/3i2 = (by transforming by L\^). Transforming by ^j, i_x. ^ = — hh^ny we 
obtain a substitution of the form 8" with ySj^ = 812 = 0, a case just treated. 
The theorem is evident for 8' when p = \. 

* Linear Groups, pp. 100-105. The present proof is incomparably simpler. 
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11. Theorem. If q = 2, every operator of period 2 of 8A(2p, q") is 
conjugaU with Z,'i,i, L\iL\i, . . ., L'i^iL'2,1 • • • i'p.i, Iii,2.i, -Bi,2,iA.4.i, • • • , 
or i?i,2,ii?3,4,i • • • -Rjir-i, !!i,i wherc -ir is the greatest integer inp/2. 

"We proceed by induction from j? — 1 top pairs of variables. The theorem 
is true {or p = 1, since iS' is then X'i,?u» w^liJch is transformed into Z'li by 
^1, p\?. ^or p >1, we can by hypothesis give to 2 (of §9) one of the follow- 
ing forms : 

(a) ^ = Iii^,iJit,6,i • • • Ii2k.ik+ 1,1- Then S' being abelian and of 
period 2 becomes 

j = \ j = ik + i 

x^ = a^, y^ = ^12 xj + ya + 2:3, 4 = «3. 2/s' = As ajj +• ajj + 2/3. • • • • 

Its transform by ^2,1,^, ^3,1,3,, is -S'l, of the form /S' with ySuj = /813 = 0. 
Hence (xix^) (2/1^2^3) transforms >S^, into Rix\T, T being abelian on 
Xi,i/i{i> 2). To Twe apply the hypothesis for the induction. But 

xi = !Bi + X3, x'2 = Xi + X3, xj = Xi + X2 + X3, y'l = yj8 + ys, yj = yi + y3, 

^3=^1 + ^!! + Vz 

is abelian and transforms iZj 2,1 is,i into XJ 1 i^i L'^^^. Hence lii^^iT is 
conjugate with a product of the Z"s or with a product of the B's. 

(b) 2 = Z^,i ij,i . . . L'r^i. Then S' becomes 

p p 

x5- = Xi (« = 1, . . . , r), yl = yi + 2 /SyX, + 2 S^y,, 

yi = A.*! + Xf + y< (i = 2, . . ., r) , xj; = Si;fcXi + x^, yl = ^^Xi + y^ (A > r) . 

Its transform by §2,i,p„ is of like form with ^4 = 0. Transforming the 
result by (x^x^) (yiyg), we get L'l^T, T being abelian on x,-,yf (* >1). As at 
the end of case (a) we reach a product of the L"s. 

(c) 2 = identity. Then /S', being of period 2, is 

p p 

*i = xi, yi = yi + 2 fiijxj + 2 Syy,-, x; = X, + S^.-Xi, y'i = yt + /8„Xi (i > 1). 

If A; = ^v = (y = 2, • • •, i>), 'S'' = X'lftj. In the contrary case, we 
apply an abelian transformation on Xj, • • •, y^ and make ;Si2 = 1, Sj^ = 0, 
0H = Bi^— {{ > 2), obtaining Z',,^ i?i,2,i- If /8 ?^ 0, we transform by Qixr^ 
and reach i'l^Z'jp-i- 
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Since oj = «! + yi transforms ii,i into Jfj = («iyi), we obtain the 
CoBOiXABY. The operators of period 2 of SA(2p, 2») are conjugate with 
Ml, MiM„ . . ',MiM, " 'Mp, Aai. -Ri.s.i-'?s.4.i»- ••»<>*• A.s.i-'^M.i • • • -Rar-i.z-.i- 

12. We can now generalize the results of §7 on the 28 bitangents to a 
quartic curve. Asjonbol («iyi • • • aSpyp) is unaltered byi?j,2,ii2,^4^i. • • Iigi_i^i 
if and only if «< = (mod 2) , for « = 1, • • • , 2A;, so that the number of unal- 
tered symbols is 2**JBp_2t. Next, MiM^ • • • M^, k ^p, leaves unaltered only 
the sjrmbols with a!^ = y^ (« = 1, • • • , A;), their number being 2*^^^-* since 

k P 

2 a^ + 2 Xiyt = 1 (mod 2) uniquely determines aci (mod 2), in terms of the 

other 2(p—k) + k—l variables entering. In view of the corollary in §11, 
we derive the 

Theoreu. Any operator of period 2 of the Steiner group A^^ of ^6 leaves 
fixed exactly 2«i' •«*-!- 2p-1(A; = 1, • • . , -ir) or 22p-i-* (A; = 1, . . .,jp) 
symbols, where it is the greatest integer inp/2. 

Remark. This theorem holds a fortiori for the subgroup iZjp of §6 on 
the same B^ symbols. It is important to notice that all the cases for A^^ occur 
for Hip since Mi, • • ., MiM^ • • • M^, and ^1,2,1, • • • belong* to ff^p. 

In view of §§4, 6, we may now state the 

Theorem. Let C7„ be a real curve of order n having no double points 
and setp = i(n - 1) (n - 2). Of the 2*p-i - 2p- 1 atrves of order n -3 
having simple contact with Onatin(n — 3) points, either all or 2^p-''*-> — 2*^ * 
(k = 1, • • ■ , it) or 2'p->-*C& = 1, • . . ,^) are real, where tr = ^/2 or 
(p - l)/2.t 

Besides the case of the 28 bitangents to a quartic, we note that of the 2016 
conies tangent at 5 points to a quintic curve {without double points) , either 
2016, 1024, 512, 480, 256, 128, 96, 64, 32, or none are real 
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♦ Whether or not the Corollary in §11 holds true for the first hypoabelian group on 2p vari- 
ables in the OFIZ'] remains undecided. I have proved it true f or p = 1 or 2. 

t This result is in complete accord with that by Klein, Math. Ann., vol. 42 (1893), pp. 26-27; 
the different ranges of values for X bemg given on p. 3. For details, see Klein's Riemann'sche 
Fldchm, II (1892), pp. 117-255. 



